Partitionw Functions

Energy levely are quantized — How are the various energy levels
pobulated at o giverw temperature?

Boltymarwm Equationw

p; i the probability that the system is inv ov level withvenergy E; k iy
the Boltzmawuv constont, and T i the temperature.

The suum of the probabilities should be normaligzed:
2p=!
J
The normaligation constant
Q= Ze—Ej/kT
J

s called the Pawrtition functiow.
Consider av system of volume 'V withv N pauticles. The Schwodinger
equation for the N-body system is
Hvy; =&y, j=1,2,..
For aw ideal gas, L.e. N nonw-interacting pawticles,
EJ(N, V) =g t+teyt--tepy
s the suum of their individual energies. For example; ov
monoatomic ideal gas inv v cube of side o has transglational
energy
hZ
Ema

Thus E(N,V) depends orv N thwough the nuumber of terms ondy. The
equations givesw below apply to-the general N -pawticle system.

(nZ+nZ+n?) a=V"53

Snx; Ny, N - 2
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To- determine whether the system iy inv v particular state j with energy
£.(N,V), we need to-consider a very large number of systems inv contact
with owv infinite heat reservoir at temperature T.

tach system has the same values of N, V, T — ensemble (but the N
pauwticles awe organiged into- different distributions, or yystems, called
"microstates’).

We now look for the relative number of systems of the ensemble that
would be found ineach state. Consider two-states 1, 2 with energies

t.(N,V) and E,(N,V). We cowv write
as
— :f(E/) EZ)
a
a, = number of systems in the ensemble that have energy E,; o =
number of systems that have energy E,.
(€, E,) - (E, — E,), since it is related to-the relative difference inv
energy. Thus;
a
—=f(E)-E)
a
This must be true for any other paiv of energy states:
as as
—=f(E2"E3), —=7C(E,"’Eg)
aj a)
Note
a3 _ 4dy a3
a) - a, ap
Thus, the functiovw must satisfy

f(E)—E3) =f(E)—E,) f(E,—E3)
— the function [(E) has the form eBt:;



Invgeneral,
a
— =ePEn=8)  thus, a;=Ce P
am
C s v normaligation covustant. Now, a, = A, the total nuunber of

systemy invthe ensemble. Thas,

= J'Zaj B A a; B e PE;
B Ze‘ﬁgj - Ze’ﬁfj A - Ze"ﬁEJ‘
J J J

a/A iy the fractionw of systems in the ensemble that ave found in state |
withvenergy € — the probability of the system being in state :
e'ﬁEj

Pj = Ze'ﬁfj
J

The quantity
&N, V, B) = Y FEY)
i

Thus,
e",BEj(N: V) e"ﬁEj(N; V)

TeENY T Q
/

The factor B = 1/kT, where k is the Boltzmaruv constant.

pi(N,V,B) =

Average tnergy

&)= Sy, N, ) = 3 TN Y
<>-JZPJ Vo BN, 'JZ QN,V, B)



<E> iy afunction of N, V, B. It should be possible to-express <€> invterms
of the pawtitiov function.

) —BE;(N, V)
(2nauip) ( ol >
815 N,V &(N ’ V) IB) (9,3 N,V

) —@, Y —E(N,V) e PENY) =y G,V et Y ~(E)
(N ) V’ ﬂ) T i ) J (N’ V’ )
Thus, @ 3

ain(?)
Ey=-
(E) <aﬁ .

Remembering B = 1/kT,

<E>=k72<ag)762>N V

It will be showw later that for o ideal monoatomic gos

V N 3/2
Q(N,V,B) = Q(,\’,f,B) q(V,B) = (%) 4

Q=Ning—1nN!

3N, 3N, <2m/n
=Ty Bt

The last thiree terms awe terms irv N and 'V only.

91 @ _ 3Ndinp_ 3N 3
( EY] >NV' 2 dg 28 szT

> +NinV—-1nN!

3
(Ey=SNKT



WhewN = nN,, (N, —» Avogadro’s mumber),

3
(E) = EnRT where R=UkNy— universal gas constant
Thig is the same result obtoined from the kinetic theorvy of gases. Per
mole,
3

— / / /
U= <E> = ERT— ERT"' ERT'F ERT

one %RT for each of the 3 translational degrees of freedom.

Constant Volume Heat Capacity

o= (52),,- (%)
VINAT v \aT/wy

Co=2R
)

Average Pressunre

The average pressure of the systeny by gives by
9E;
(P)= 2PN, V, ) P,(N, V) = Xpi (N, V, B) ('_J>
j - v/

() i
'JZ V/nQ(N,V, B)

Note: P(N,V) = —(3E/dV),

Stowt with the pawtition function and differentiate with respect to-V,
keeping N, B constont:

Q(N,V, B) = Y e PEN.Y)
:

(), () e
Vg TE\aV/



Remembering the expressiow for <P> above; note

kT (8&) (c%nd?)
P) = P) = kT
e v, O N S
Recall, for awv ideal monoatomic gas,

3/2

WM@=N1ing—1inN! q(V,,B)=<2ﬂ—m> vV

h?p
3N 27m
= — |
inQ 5 in<h2ﬁ>+NinV inN!
8in62> N _ NkT
< v Jng V Pr==
InwSwmmanry
The pawrtition functionw of av system iy givesv by
Q = Ze'ﬁEi(N, V)

Physical quantities may be expressed in terms of the pauwtition
function

<E>=kT2<ag’TQ>N,V py=ir( 228 >N,,3




Molecudar Partitionw Functions

Consider o systewv of N distinguishable particles, withv individual
particle energiess®. The total energy of the systew is given by

Ei(N,V) = £5(V) +£2(V) +--.

The superscript labels the pauticle (a, b; ...) and the subscript
labels ity energy state.

QUN,V, T) = Y e P = Yo B +e/++)
J k]

Since the pawticles are distinguishable and independent,
Q(N,V,T) = %e'ﬂa’z ’ze—ﬁsf’... =60V, T) gu(V, T) g.(V, T)-.
where
g(V,T) = Ye b
. j

Q(N,V,T) = |g(v, D"
For av systemvof N indistinguishable particles;

V. T)V
ow, v, - 2L
N!
Remember
9nQ din q) gje T
E=kT2<—> =NkT2<— =N
BT o7 )N
For N independent pauticles;
—&;/kT
EN=N = .
(E)=N(e) (e) ?%q(\/’ D



e"é‘j/l(T
40y,
s the probability that o molecule iy v ity [ energy stote.

7

vib + 8elec

— trans rot
EZE; +sj +8k )

Using similowr reasoning, we com write

7 (V: T) = Gtrans Grot Guib Gelec
The individual partition functions are multiplicative. Swmming over
states;
Q(V; T) - Z e—sj/kT
J Cstates)

Inthe case of degenerate systems; several states have the saume energy.
Inthe case of summalion over energies;

q(v,T)= ¥ g o
J Cenergies)

e.g. for arigid rotator,

hZ
8J:ZJ(J+’) g]=27+’

Grot = % (2] + I) e'h27(~7+l)/2/k7‘
J=0



Problems
Datov: k=1.381 x 103 JK-! R =8.314J K mol
hW=6.626 x 10-* J & =1.055x 10-*J &

Problem 1

The pawrtition function for an atomic crystal of N atoms in the Einstein

¢ a0, ( o~ Bhvi2 >
=e

| —e=Phv

3N

U, — sublimation energy at 0 K

Calcwlate the molowr heat capacity. What is the high-temperatuwe limit
of the molow heat capacity?

Solutiow
Bind?>
U=-
< 8,3 N,V
0 3N
=——]|- S — — p—PBhv
3 BUy 5 Bhv—3N1n(l —eP™) "

3Nhv  3Nhve P
+
2 | —e PV
U,: sublimationw energy; 3NW/2: zero-point energy; the last
termv representy the B -dependence of U.

c -<Q> -_L<3_U>
Nt wy kT?\8B/

__3Nhv _hve'ﬁ”" ~ hye2phv
CkT? | J-e P (I-ePvy?

:U0+




= —
-

3N [—hve Prv() — e Prvy — hye=2b

kTZ (, — e'ﬂhv)Z

_3Nhv  hve P 3Nhy hve T
T kT2 (l—e )2 kT2 () —ehvIkT)2

h —hv/kT
= 3Nk< kv> - —hv/kT\2
T/ (1-e™hT)
Whew N = N,,
_2p < /’W) e—hv/kT
(, _ hv/kT)Z

At high temperature, w/kT << 1. Since e = 1 + w+ ¥/21 + ¥/31 + ..,

hv hv
—hv/kT e e | — —
A
hv
| — e-hv/kT ~ — e-lw/kT ~ )
kT
hv /
C 3R< ) =
=T S ey

Problem 2
Calculate the equation of state associated with the powtition function

3N/2

2 > (V= Nb)NeeN’IV

QN V,B) =7 <h2ﬁ

Solutionw

Note:
~ din d?)
(P) = kT< £y, v
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2

N
1n Q = Nin(V - Nb) +'B"V

<8in&> _ N _,BaNZ
v Jng V-Nb V2

2
kT(&inQ) _ NKT  aN

+terms that do not depend on V

&V Jus V-Nb V2
b NkT — aN?
" V-Nb V2
For N =N,, Nk="R:
RT  aN?
F= V-Nb V2
<P+—>(V Nb)=RT
Vo der Waaly equation
Problem 3

A molecule has two- non-degenerate energy levels, e, = 0 ande, = e.

(a) Write doww the molecudowr pawtition functionw q and the
probability of finding the molecule inveach level.

(b)) Using <e> = — (06 q/0B), show that <e> = g/(ef + 1).
(c) What are the limity of <e> as T — 0 and' T — oo ? Explavinv.

(Ad) Fore =4.00 x 10-* J, calcudate the fractiovn of molecules in the
upper level and <e> at 298 K.

Solutionw
(a)

G= Ze'ﬁgj = eo +e",33 =) +e",33
J
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/ e Pe

m) =
| +e7Pe

ding 10g geF¢
(8) == Sy Tt
P gop l+e
Multiplying top and bottom by ek,
€

<8>:eﬁ5+l
Check: <e> =3 g1, = (0)11, + £TT,, the same resudt.
(c) T— 0: B— o0, 50t - 0 and <e> — 0. AW molecules awe invthe lower
level.
T— co: B— 0, s0-ebe — 1 and <e>— ¢/2. Botivlevely are equally
populated (T, = T, = ¥%); the upper level couv never hold more thow

(o)

()
4.00x 1072 4.00x 1072
Be== ~ = —=0.972
kT (1.381x10723)(298) 4.115x10
0.373
-0.972 — _ —

e 0378 1373 0.274

(ey=em=(4.00x10"7)(0.274) =1.10x107?' 7
Problem 4

For avrigid rotator, e, = W2 T (J + 1)/2I withvdegeneracy ¢; = 2] + 1. For
HCL I = 2.644 x 10~ kg mi.

(a) Calcdlaten?/21. Calcudate the ratio- of the number of molecules
i level J to-that invlevel J = 0, w/w, for J =1, 2, 3 and 4 at 298 K.
Which level is the most populated?
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() AT high temperature the s i q,,. may be replaced by an
integral. Show that q,,. ~ 2IKT/h?, and evadluate it for HClat 298 K.

(c) Using <E> = NkT*(0¢nwq/0T),, show that the rotational
contribution to-the molar energy is RT and to-the molar heat
capacity isR.

Solutionw

(a)

h2  (1.055x107%9)2

21 202.644x107%7)
2 2.J05x10722

2IkT "~ 4015 x 1072

The populatiow of level J is proportional to- ity degeneracy times

ity Boltzmawnw factor, so-

DT _ (2741) e IQ+DI2UT = (27 4 ) e=0.05113CT+1)

No

J=1:3e7%192=271 J=2:5e79307=363

=2105x107%% 7

=0.051l

J=3:7e069=379 J=4. 971023 =3 24

J = 3 isthe most populated level. The degeneracy 2] + 1 increases
withJ while the Boltzmoarw factor decreases, so-the population
passes through av moaxkimuuin,

(B) Letxw=J(J + 1), sodx= (2] + 1)AJ:

21kT
Grot X /50(2 J+1) o 12T +1/2IKT )7 = /;"e—hzx/ZIkTalx: v

__kT_adsxio?
Vot =221 2008x1022

(The full sumv over J gives 19.9, so-the integral is ov good
approximation whenwh?/2IkT << 1.)
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(c)

~ 21k <8inqmt> N
inqmt—inT-kin(?) 7 v'?

) _
7_=NkT N=Nyg: U, =RT

Ay,
CV,rot=< rt)\/:R

(E)yor = NkT? .

oT
A linear molecule has 2 rotational degrees of freedom, each
contributing ¥%RT.

Problemv 5
For the pawtition functiow of Problem 2,

3N/2

2””") (V= Nb)NeeN’IV

|
NV B)=—|——
Q( ) )ﬁ) N.’ <h2ﬂ
() Calcudlate <E>.
() Calcudate C,. How does it compoare with that of e ideal
monoatomic gas?

(c) Calculate (0<E>/0V),, and explain the sigw of the av-term inv

<t>.
Solutiow
(a) Sepawrating the terms that depend ong,
3N aN?
ind?=—7in,3+’3 Y +terms in N and V only

—_—
_—

<8in62> 3N aN?
N,V

op M
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_ [(91nQ@ 3 aN?
(E) = < 5 )MV—ZNkT y

(%)
3(E)> 3 3
CV—< o N,V'ZNk (—ZRpermole)
This is the same as for auv ideal monoatomic gas: the a-term
does not depend onw T, and b does not appear inv<€> at all.

(28w
v Iyt V2

The attractive interactions (measured by a) lower the energy by
alN?/V. Whew the gas expands; the molecules move further apout,
so-the energy increases.

Check, using (o0U/0V), = T(0P/0T), — P withvP from Problem 2:
NET/(V — Nb) — [NET/(V — Nb) — aN*/V?] = aN*/V-.

(c)

Problem 6

Using the resudt of Problem 1, calcudate the molawr heat capacity of
diavmond invthe Einstein model at 298 K and at 1000 K. Take hw/k =
1320 K.

(a) Calcwlate the frequency v.
(b)) Calcwdlate C, at 298 K and at 1000 K.

(c) Compare your answers with the high-temperature imit, 3R,
ond comment.
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Solutiow
(@)
e k(1320 k) (1.381x10722)(1320)

h 6.626 x 10734
() FromProblemv 1, withvx = hw/kT,

=2.75x10"% s

xZ e

(1 —e™)?
At298 K: x=1320/298 = 4.43
(4.93)2(0.01192)

(1-0.01192)?
At 1000 K: x=1320/1000 = 1.32

(1.32)200.2671)
(1-0.2671)?

(c) 3R =24.94 JK* mol?. At 298 K, C, is only 24% of 3R; at 1000 K it is
87% of 3R.

C\/:BR

Cv=024.99) =(249.99)(0.2396) = 5.98 7 K~ mol™

Cv=0249.949) =(24.99)(0.8666) = 21.6 7 K™ mol™

For diamond v >> kT at roomw temperature, so- most atoms awe ivv
the lowest vibrational level and the vibrations contribute little to-
C,. The high-temperature limit 3R iy reached only whenw kKT >> hy,
ve. T >> 1320 K.
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